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Abstract. With the increasing prevalence of underwater exploration and tourism, many companies are striving to achieve precise
localization of submarines to prevent incidents of loss. This paper proposes a solution to address this issue. First, a dynamic
analysis of the missing submarine is conducted. Taking into account the forces acting on the submarine—buoyancy, gravity,
Coriolis force, and viscous drag caused by relative motion with seawater—the model calculates changes in the submarine's velocity
and position. The model also considers density variations due to changes in seawater temperature and salinity at different depths,
as well as variations in viscous drag caused by differences in seawater flow speed and direction. Based on the last transmitted
coordinates, depth, water temperature, the submarine's own motion state, and the surrounding seawater current speed, the model
can effectively predict the submarine's trajectory and final location.
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1. Introduction

In recent years, with the development of the manufacturing and tourism industries and the improvement of living standards,
exploring underwater landscapes and searching for shipwrecks by submarine has become increasingly feasible. Civilian
sightseeing submarines, also known as tourist submarines, are commercial manned submersibles [1-4]. Passenger volume has
surged significantly in recent years, generating considerable profits and demonstrating substantial market potential and promising
growth prospects. Consequently, the manufacturing of sightseeing submarines has advanced continuously. However, ensuring the
safety of submarines and tourists necessitates the installation of appropriate safety equipment to prevent accidents [5, 6]. It is also
essential to establish comprehensive safety protocols to ensure that, even in the event of an accident, the mothership can
immediately locate the cruising submarine and initiate rescue operations. Therefore, it is critical to develop effective methods for
predicting the location of a missing cruising submarine to enable rapid search and rescue. Furthermore, a thorough analysis must
be conducted to select appropriate rescue equipment and pre-deploy it on the mothership to facilitate timely rescue operations [7,
8].

2. Establishment of the missing submarine position prediction model

Assume the mass of the cruising submarine is m, its volume is ¥, and the ocean current velocity is v,. Due to variations in seawater
pressure and salinity, seawater density changes with depth, thereby affecting the buoyant force acting on the submarine. However,
based on literature review and calculations, the effect of salinity variation with depth on the final results in the vertical direction is
negligible [9-11]. To simplify the calculations, this model only considers the influence of seawater temperature on density. When
the temperature T falls within the range 10 °C < T < 50 °C, the relationship between seawater density and temperature is given
by:

pr = —3.4525 x 107*T(2) + 1.029 (1)

where T (z) is the seawater temperature as a function of depth.
Taking the submarine's initial position as the origin, the tangent to the parallel (latitude circle) at that point is defined as the x-
axis, and the tangent to the meridian (longitude line) is the y-axis. The positive direction of the x-axis points east, and the positive
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direction of the y-axis points south. The z-axis is perpendicular to the x—y plane and points toward the Earth's interior. The
established three-dimensional Cartesian coordinate system is illustrated in Figure 1.
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Figure 1. Schematic of the underwater cartesian coordinate system

Due to the relative motion between the submarine and the seawater, viscous drag acts on the submarine. Ignoring the irregular
shape of the submarine, it is approximated as a sphere with radius r. According to Stokes' law, the viscous force acting on the
submarine is:

E, = —6mnru, 2)

where 7 is the dynamic viscosity of seawater in the region, which can be calculated by the empirical formula:

790

17 =16.93 x 10~6eTp+27315 5

where T, is the seawater temperature. In Equation (2), v, is the relative velocity between the submarine and the seawater,
calculated as:

Vr =Vg — V1 “4)

where v, is the submarine's velocity and v, is the ocean current velocity. The angles between the viscous force and the x-, y-, and
Z-axes are:

v, | _ . Vx
6 = arccos (v_r)' = arCSln(stine) ©

Moreover, due to the Earth's rotation, the submarine is subject to Coriolis force. Let the Earth's angular velocity be w, and the
submarine’s latitude be . In the established coordinate system, the angular velocity vector can be expressed as:

w=-wcosY-j+wsiny-k (6)
The Coriolis force acting on the submarine is:
Foor = —2m(w X ;) )
Specifically:
Ecor = me(vrz cos + v, sin 1/))
Fycor = —2mwvy, siny (®)
Frcor = —2mwvy, cosy

Assuming that at the moment of mechanical failure, the submarine's buoyant force equals its gravitational force, the net forces
acting on the submarine in each direction are:
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Ficor = me(vrz cosy + vy, sin 1p)
Fyeor = —2mwv,, siny ©)
Frcor = —2mwvy, cosy

From these, the accelerations and velocity changes of the submarine in each direction can be obtained:

dvy _ Fx
dt m
dv. F,

y Y 10
dat m ( )
dv, _ Fp
at  m

Through the above analysis, the changes in the submarine's velocity after mechanical failure can be predicted, thereby enabling
estimation of its location.

3. Preliminary prediction results

Assuming that the submarine is located at a point in the Mediterranean Sea (18°E, 37°N) and is descending vertically with an

initial velocity of v, = 0.5m/s, the submarine's motion trajectory under different loss-of-power depths can be predicted, as shown
in Figure 2.
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Figure 2. Preliminary trajectory prediction

It can be observed that, due to the influence of the Coriolis force, the submarine’s descent trajectory is not a straight line but a
spiral. The final landing points are summarized in Table 1.

Table 1. Final landing points

Water depth (m) 100 500 1000 2000
Longitude east (degree) 18.0359 18.0275 18.0191 18.0072
Latitude north (degree) 37.0035 37.0023 37.0013 37.0003

Offset position (m) 1641.2 1245.1 859.4639 322.8661

4. Uncertainties in the model

Clearly, real-world ocean conditions are more complex than those considered in the simplified model, particularly regarding ocean
currents [12, 13]. The flow velocity of seawater varies with depth. Surface currents are primarily influenced by trade winds and
thermodynamic factors [14], while deep-sea currents are affected by seabed topography, tides, and other factors. Based on research
data, the vertical profile of seawater flow velocities at the study location (18°E, 37°N) is shown in Figure 3.
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Figure 3. (a) Northward seawater flow velocity; (b) Eastward seawater flow velocity

After incorporating the varying seawater flow velocities at different depths into the model, the predicted trajectory of the
submarine post-power-loss is updated, as shown in Figure 4.
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Figure 4. Trajectory prediction considering real ocean currents
The final landing points under these more realistic conditions are given in Table 2.

Table 2. Final landing points under realistic ocean current conditions

Water depth(m) 100 500 1000 2000
Longitude cast (degree) 18.0360 18.0274 18.0191 18.0072
Latitude north (degree) 37.0035 37.0023 37.0013 37.0003

Offset position (m) 1,643.6 1,243.8 859.4639 322.8661

It can be seen that the actual offset of the submarine differs from the predictions based on uniform seawater conditions,
especially when the submarine loses power at shallower depths. At shallow depths, the variability in current speed is more
significant, resulting in larger discrepancies in final landing points. In contrast, at greater depths, where ocean current velocities
vary less, the prediction error is relatively smaller. Thus, equipping submarines with seawater flowmeters is critically important
for rescue operations.

Additionally, the submarine's trajectory is influenced by several factors, including the depth at which it loses power, its initial
descent velocity, and the location of the incident.

Figure 5 illustrates the trajectories under different initial velocities (0.1 m/s, 0.4 m/s, 0.7 m/s) at a loss-of-power depth of 100
meters at 18°E, 37°N.
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Figure 5. Submarine trajectories at different initial velocities: (a) v, = 0.1 m/s; (b) v, = 0.4 m/s; (c) v, = 0.7 m/s

When the initial descent velocity is 0.4 m/s and the power loss occurs at 100 meters depth, the effect of different incident
locations on the trajectory is shown in Figure 6.
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Figure 6. Submarine trajectories at different incident locations: (a) 36.6°N, 17.6°E; (b) 37.2°N, 18.2°E; (¢) 37.8°N, 18.8°E

It can be observed that a slower initial descent velocity leads to a longer time to reach the seabed and a greater horizontal offset
from the original position. Moreover, during the later stages of descent, the radius of the spiral motion caused by the Coriolis force
increases, further amplifying the positional uncertainty.

The depth at which the submarine loses contact primarily affects the time required to reach the seabed—the deeper the loss-
of-contact point, the quicker the submarine reaches the seabed, though rescue operations become more challenging due to the
increased distance from the surface.

Furthermore, varying incident locations alter seafloor topography and local current patterns, influencing the descent trajectory.
Biological activities, density variations in seawater, and other factors can also affect the submarine's path, significantly increasing
the complexity and difficulty of rescue operations [15].

5. Ensuring safety

Based on the above analysis, to enable timely rescue operations following a submarine’s loss of contact, it is critical that the
cruising submarine regularly transmits its status to the mothership. Key information should include: Position (coordinates and
depth). Submarine’s physical characteristics (mass, volume). Operational status (velocity, local seawater current speed) By
leveraging this real-time data, the mothership can predict the submarine’s future trajectory, narrow the search area, and greatly
enhance the chances of successful rescue operations.
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